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Abstract — A mathematical model of physical reality is proposed on the
basis of the so-called p-adic numbers, providing p-adic probabilities. By this
model, physical reality is information reality.  Basic objects of this reality are
transformators of information, basic processes are information processes, and
the statistics are information statistics. The corresponding  formalisms on in-
formation spaces are outlined. They can be used for the study of psychologi-
cal and social phenomena as well as for anomalous  phenomena as discussed
in mind-matter research. The statistical behavior of information processes
may strongly differ from statistical behavior of physical processes in real
space (or space-time). 
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1. Introduction

Since Newton’s time, the usual model of physical reality is based on a descrip-
tion of all physical processes by real numbers.  To identify a physical quantity
x with a real number, we have to assume the possibility to measure this quanti-
ty with infinite precision. Although this assumption is evidently idealistic,
there is a great  number of physical phenomena which are well described this
way. However, the “real” model of physical reality does not describe all em-
pirical phenomena.  For example, there is no place for many psychological,
social or anomalous phenomena in this model.

We propose a new mathematical model of physical reality based on a sys-
tem of p-adic numbers (see Section 3 and [1] for this number system). By our
model physical reality is not a reality of matter alone, which is located in con-
tinuous real space (or space-time, respectively), but it is information reality.
Basic elements of this reality are the so-called transformators of information;
basic processes are processes of an exchange of information. By our model in-
formation processes have no rigid relation to processes  in real space (or space-
time). There may be a large difference between distances in real space and in-
formation space (or space-time). This might imply the exchange of
information between transformators located at large distances in real space.
This exchange might be realized  without an exchange of physical (real) ener-
gy; only the so-called information energy is required.  The difference between
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real time and information time might  imply an information exchange with the
past or the future.

The statistical behavior of information processes may strongly differ from
the statistical behavior of real physical processes (i.e., processes in real space).
To describe this new statistics we use a p-adic probability theory which has
been developed in [2]. In particular, the p-adic framework allows us to study
“random” sequences without the property of statistical stabilization (in the or-
dinary sense), i.e., the law of large numbers is violated for these sequences, see
[2] for details.  Another interesting feature is the p-adic realization of infinite-
ly small probabilities. In our formalism events which have zero probability in
the ordinary probabilistic formalism may not be negligible. They are labeled
by negative probabilities and  play an important role in probabilistic consider-
ations.

2. “Real” Reality and Information Reality

To realize a measurement of a physical quantity x, first we have to fix a unit
l = 1 of a measurement. We assume that there exists a natural number n such
that

(n - 1)l £ x < nl. (1)

This assumption is a mathematical postulate, the Archimedean axiom. By
(1) we restrict our considerations to physical phenomena which can be de-
scribed on the basis of the Archimedean mathematical model.

Now we consider the next step of the measurement process. If y1 = (n -  1)l ¹
x then we have to measure the quantity x1 = x - y1 by using a unit smaller than l.
Typically we fix a natural number m > 1 (the scale of the measurement) and
choose the new unit l1 = l/m. Then we apply the Archimedean axiom (1) to the
quantities x1 and l1 and obtain a natural number b1 (b1 = 1, . . . , m ):
(b1 - 1)l1 £ x1 < b1l1 . This procedure can be continued. If y2 = (b1 - 1)l1 /=
x1 then we can use the new unit of measurement l2 = l1/ m to measure the
quantity x2 = x1 - y2 , and so on. We remark that

x = (n - 1) + x1 = (n - 1) +
a- 1

m
+ x2

= n - 1 +
a- 1

m
+ · · · +

a- n

mn
+ xn+ 1, (2)

where a- k = bk - 1 = 0, 1, . . . , m - 1 . To obtain the real numbers model for
physical reality, we assume that the above process of measurements of every
physical quantity x can be continued by an infinite number of steps. We call
this postulate the postulate of an infinite precision of measurements or the
Newtonian axiom. By this axiom any physical quantity x can be identified with
a real number:



x = · · · +
a- n

mn
+ · · · +

a- 1

m
+ a0 + a1m + · · · + akmk

= ak · · · a0, a- 1 · · · a- n · · · , (3)

where a± j = 0, 1, . . . , m - 1 (here the number (n - 1) , see (2), is also ex-
panded with respect to powers of m).

Both the Archimedean and Newtonian axioms are natural for the descrip-
tion of an extended class of physical phenomena. This class of physical phe-
nomena was intensively studied in the last 200–250 years.  The basis of this re-
ality is Newton’s space which is continuous, infinitely divisible and infinitely
deep. All physical objects are located in this space and their location can be de-
termined (at least in principle) with infinite precision. The idea of space  is the
primary idea, and it is impossible to imagine any physical phenomenon which
is not located in space — a conception which is very much in a Kantian spirit.

It might seem strange that Kants’s idealistic philosophy is so closely related
to modern physics. However, this is not quite so strange, because the
Archimedean-Newtonian mathematical model is idealistic in a similar way.
The postulate about an infinite precision of measurements is non-empirical.
Physical quantities cannot be measured (determined) with infinite precision.
Any physical phenomenon has a finite limit of its description, see [3] for the
details. Therefore we cannot consider Archimedean-Newtonian reality as the
unique model of physical reality. Physical reality should not be identified with
this “real” reality.

It is natural to develop other models of physical reality which are not based
on the Archimedean and Newtonian axioms.  The quantum formalism is one
successful attempt to provide such a new model of physical reality. The
Archimedean and Newtonian axioms cannot be applied to quantum observ-
ables. However, quantum theory uses the mathematical basis of real numbers. 

Another model of physical reality has been developed in [3] (see also [5]).
It is based on two postulates: (1) Non-Archimedean postulate: there exist phys-
ical quantities x which cannot be measured (even approximately) on the basis
of the fixed unit of measurement l = 1. Such quantities are interpreted as infi-
nitely large. (2) Non-Newtonian postulate: if a quantity x can be measured on
the basis of the unit of measurement l = 1, then this measurement has a finite
precision, i.e., the process (2) has to stop after a finite number of steps.

Such quantities can be naturally described by the so-called m-adic numbers
(see Section 3 and [1] for m-adic numbers). In this model we do not consider
physical objects as structures located in a continuous space (or space-time, re-
spectively).  Physical objects have an unsharp m-adic description with a finite
precision. At the same time, this precision is the boundary of existence of a
physical object.  If we want to create a new model we must not follow the ideas
about “physical space-time.” The properties of this “physical space-time” are
mainly the properties of the Archimedean-Newtonian model.
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In this paper we develop a model of physical reality based on the idea that
physical processes and phenomena are not realized in the Archimedean-New-
tonian (real) “physical space,” but they are realized in information spaces.
Thus physical objects are information objects and physical processes are infor-
mation processes. The “ordinary physical objects” give a particular class of in-
formation objects. These are information objects with stable or slowly chang-
ing information states. Our model of information reality is based on the system
of m-adic numbers. For purely mathematical reasons, we use the system of p-
adic numbers where m = p > 1 is a prime number.  An essential part of the
physical apparatus for this information model has been developed in the
framework of p-adic classical and quantum physics [2, 3, 5–15] (p-adic
strings, quantum mechanics, field theory). 

3. Systems of p-adic Numbers

The field of real numbers R is constructed as the completion of the field of
rational numbers Q with respect to the metric ½(x , y) = |x - y| , where | · | is
the usual valuation given by the absolute value. The fields of p-adic numbers
Qp are constructed in a corresponding way, but using other valuations. For a
prime number p, the p-adic valuation | · | p is defined in the following way. First
we define it for natural numbers. Every natural number n can be represented as
the product of prime numbers, n = 2r2 3r3 · · · prp · · · , and we define |n | p = p - rp ,
writing |0| p = 0 and | - n | p = |n | p .  We then extend the definition of the p-
adic valuation | · | p to all rational numbers by setting |n/ m| p = |n| p / |m| p for
m /= 0 . The completion of Q with respect to the metric ½p(x , y) = |x - y | p is
the locally compact field of p-adic numbers Qp . The number fields R and Qp

are unique insofar as, by Ostrovsky’s theorem (see [1]), | · | and | · | p are the
only possible valuations on Q, but they have quite distinctive properties.  Un-
like the absolute value distance | · | , the p-adic valuation satisfies the strong
triangle inequality |x + y| p £ max[|x | p, | y | p] , x , y Î Qp.

Write Ur (a) = {x Î Qp : |x - a | p £ r} and U -
r (a) = {x Î Qp : |x - a| p

< r}, where r = pn and n = 0, ± 1, ± 2, . . . . These are the “closed” and “open”
balls in Qp while the sets Sr (a) = {x Î K : |x - a | p = r} are the spheres in Qp

of such radii r. These sets (balls and spheres) have a somewhat strange topo-
logical structure from the viewpoint of our usual Euclidean intuition: they are
both open and closed at the same time, and as such they are called clopen sets.
Another interesting property of p-adic balls is that  two balls have non-empty
intersection if and only if one of them is contained in the other. Also, we note
that any point of  a p-adic ball can be chosen as its center, so that such a ball is
not uniquely characterized by its center and radius. Finally, any p-adic ball
Ur (0) is an additive subgroup of Qp , while the ball U1(0) is also a ring, which
is called the ring of p-adic integers, denoted by Zp .

Any x Î Qp has a unique  canonical expansion (which converges in the
| · | p-norm) of the form x = a - n / pn + · · · a0 + · · · + ak pk + · · · where the
aj Î {0, 1, . . . , p - 1} are the “digits” of the p-adic expansion. The elements



x Î Zp have the expansion x = a0 + · · · + ak pk + · · · and can thus be identi-
fied with the sequences of digits x = a0 · · · ak · · · .

We remark that the set of natural numbers N is contained in Zp and every
natural number has a finite number of non-zero digits in its expansion. We in-
terpret elements x Î Zp which have an infinite number of non-zero digits in
their expansion as infinitely large natural numbers.

If, instead of a prime number p, we start with an arbitrary natural number
m > 1 we construct the system of the so-called m-adic numbers Qm by com-
pleting Q with respect to the m-adic metric ½m(x , y) = |x - y|m which is de-
fined in a way similar to the above.  However, this system is in general not a
field as there may exist divisors of zero.

4. Dynamics on Information Spaces and Anomalous Phenomena

The rings of p-adic integers Zp can be used as mathematical models for in-
formation spaces. Each element x = S ¥

j= 0 aj p j can be identified with a se-
quence

x = a0a1 · · · aN · · · , aj = 0, 1, . . . , p - 1. (4)

Such sequences are interpreted as coding sequences (in the alphabet Ap =
{0, 1, . . . , p - 1} with p letters) for some amount of information. The p-adic
metric ½p(x , y) = |x - y| p on Zp is a measure for the nearness of information
sequences: two sequences x and y are close if they have a sufficiently long
common initial segment. Such nearness between information sequences is
nothing but the associative property of information. In fact, we can identify
two information sequences which have the same initial segment of large
length. We choose the space X = Zp for the description of information. This
space is said to be an information space, briefly I-space.

We do not assume that X describes the whole information in the universe. In
our approach, there is no absolute physical space (which is typically  identi-
fied with the real space). There is also no absolute information space. Differ-
ent information phenomena can be described by different mathematical mod-
els for I-spaces. The p-adic model for I-spaces is the simplest model from a
mathematical point of view. In principle, we may use more complicated math-
ematical structures (for example, the rings Zm).

Objects which “live” in I-spaces are said to be transformators of informa-
tion (I-transformators). Each I-transformator ¿ has an internal I-state t Î
T = Zp which is called I-time.1 At each instant t Î T of I-time ¿ has some ex-
ternal I-state q(t ) Î X which describes the position of ¿ in the configuration I-
space X. The “life”-trajectory of ¿ can be identified with the trajectory q(t) in
X.
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We can now develop an analog to Hamiltonian dynamics on the I-spaces. As
usual, we introduce the quantity p(t) = 0q(t ) (= (d/ dt)q(t) ) which is the infor-
mation analog of momentum. However, here we prefer to use a psychological
terminology. The quantity p(t) is said to be a motivation (for changing the I-
state q(t)).

The space Zp ´ Zp of points z = (q, p) where q is the I-state and p is the mo-
tivation is said to be a phase I-space. As in the ordinary Hamiltonian formal-
ism, we assume that there exists a function H(q, p) (I-Hamiltonian) on the
phase I-space which determines the motion of t in the phase I-space:

0q(t ) =
¶ H

¶ p
(q(t), p(t)), q(t0) = q0,

0p(t ) = -
¶ H

¶ q
(q(t ), p(t)), p(t0) = p0.

The I-Hamiltonian H(p, q) has the meaning of an I-energy. In principle, I-ener-
gy is not related to the usual physical energy.

The simplest I-Hamiltonian Hf (p) = ap2 , a Î Zp describes the motion of a
free I-transformation t , i.e., an I-transformator which uses only self-motiva-
tions for changing its I-state q(t). Solving the system of the Hamiltonian equa-
tions we obtain: p(t) = p0 , q(t) = q0 + 2ap0(t - t0) .2 The motivation p(t) is
the constant of this motion. Thus the free I-transformator “does not like” to
change its motivation p0 in the process of the motion in the I-space. If we
change coordinates, q ¢ = (q - q0)/ k , k = 2ap0 , then we see that the dynamics
of the free I-transformator coincides with the dynamics of its I-time.

In the general case the I-energy is the sum of the I-energy of the motivations
H f = ap2 (which is an analog of the kinetic energy) and potential I-energy
V (q) :

H (q , p) = ap2 + V (q).

The potential V(q) is determined by fields of information. 
In the Hamiltonian framework  we can consider interactions between differ-

ent I-transformators, ¿1, . . . , ¿N . These I-transformators have the I-times
t1, . . . , tN and I-states q1(t1), . . . , qN (tN ) . By our model we can describe inter-
actions between these I-transformators only if there is a possibility to choose
the same I-time t for all of them. In this case we can consider the evolution of
the system of the I-transformators ¿1, . . . , ¿N as a trajectory in the I-space
ZN

p = Zp ´ · · · ´ Zp , q(t) = (q1(t), . . . , qN (t)) . We think that this condition
of consistency for I-times of interacting I-transformators plays the crucial role
in psychological experiments. We cannot obtain sensible observations for in-
teractions between arbitrary individuals. There must be a process of learning

(5)

(6)

2In fact, this simplest I-system is not so simple from a mathematical viewpoint. There exist other so-
lutions which are non-analytical (but smooth), see [1]. These solutions may also have an interesting I-in-
terpretation. But we shall not discuss this problem here.



for the group ¿1, . . . ,¿N which reduces individual I-times t1, . . . , tN to the
unique I-time t.

Thus, let us consider a group ¿1, . . . , ¿N of I-transformators with the internal
I-time t. The dynamics of I-states and motivations is determined by the I-ener-
gy; H (q , p) , q Î ZN

p , p Î ZN
p . It is natural to assume that

H (q , p) =
N

S
j= 1

aj p2
j + V (q1, . . . , qN ), aj Î Zp.

Here Hf (p) = å N
j = 1 aj p2

j is the total energy of motivations for the group
¿1, . . . , ¿N and V(q) is the potential energy. It is natural to choose V(q) =
S i /= j F (qi - qj ) , where F (s) , s Î Zp, is the potential of the interaction be-
tween I-transformators.

As usual, to find a trajectory on the phase I-space ZN
p ´ ZN

p , we need to
solve the system of Hamiltonian equations:

qj =
¶ H

¶ p j
, p j = -

¶ H

¶ qj
, q j (t0) = q0, pj (t0) = p0. (7)

(See [2] for such equations).

5. Consequences for Psychology and Mind-Matter Research

5.1. Energy and Information

In our model the transmission of information is determined by the I-energy
which is the sum of the I-energy of motivations and potential I-energy. In prin-
ciple, this process does not need to involve physical energy. Therefore, there
might be transmissions of information which could not be reduced to transmis-
sions of physical energy. In this case we cannot measure physical interactions
between two I-transformators, ¿1 and ¿2 . In particular, ¿1 and ¿2 can be
individuals participating in  psychological experiments or in experiments
dealing with anomalous phenomena.

5.2. Distance and Information

All information processes are realized in I-space rather than in physical
space. Therefore the (real) physical distance between I-transformators does
not play the crucial role in processes of I-transmission and I-interactions.

5.3. Time and Information

The dynamics of I-states cannot be considered as dynamics with respect to
(real) physical time. The internal (psychological) time is strongly involved in
I-processes. In particular, the (real) order structure for (real) physical instants
of time does not determine I-processes. Moreover, the (real) physical distance
between instants of physical time tphys can strongly differ from the distance (in
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I-space) between the corresponding instants of I-time t. For example, let us as-
sume that we can construct a correspondence between physical time and I-
time, tphys = g(t ) , t = w (tphys) . Then the real distance ½R(tphys - t ¢

phys) may be
rather large, while ½p(t - t ¢ ) may be very small. Thus, ½p(q(t) - q(t ¢ )) may
also be very small for every continuous trajectory q(t). If tphys < t ¢

phys then we
can consider such a situation as the act of predicting the I-state, a ¢ = q(t ¢ ) . If
tphys > t ¢

phys then we can consider such a situation as the act of recalling. There
is a symmetry between processes of predicting and recalling of information. Of
course, both these processes are unsharp processes, i.e., it is impossible to pre-
dict or recall the information a ¢ exactly. It is possible to predict or recall only
some information a = q(t) which does not differ strongly from a ¢ (with respect
to the distance in I-space).

5.4. Motivation

A motion in I-space depends not only on the initial I-state q0, but also on the
initial motivation q0. Moreover, the Hamiltonian structure of the equations of
motion implies that the motivations p(t) play an important role in the process
of evolution. Thus the I-dynamics is, in fact, a dynamics in the phase I-space.

5.5. Consistency for Times

An I-interaction between I-transformators is possible only if these I-trans-
formators have consistent I-times. Therefore every psychological experiment
has to contain an element of “learning” for I-transformators participating in
the experiment. This learning does not need to be a physical interaction. It can
be any exchange of information between individuals (or a study of information
about some individual).

5.6. Future and Past

The consistency condition for I-times does not imply such a condition for
(real) physical times, because different I-transformators can have different
correspondence laws for I-times and (real) physical time. For example, let us
consider two I-transformators, ¿1 and ¿2 , satisfying the consistency condition
for I-times, i.e., t1 = t2 = t . We assume that it is possible to transform I-times
of ¿1 and ¿2 to (real) physical times t1,phys = g1(t1) and t2,phys = g2(t2) . Let us
also assume that ¿1 and ¿2 interact by the I-potential V (q1 - q2) , i.e., at the in-
stant t of I-time the potential I-energy of this interaction equals V (q1(t) -
q2(t)) . If t1,phys = g1(t1) /= t2,phys = g2(t2) then such an interaction is nothing
but an interaction with the future or the past. 

6. Quantum Mechanics on Information Spaces

It is quite natural to quantize classical mechanics on information spaces over
Zp .  As usual in quantum theory, we can assume that a value l of an I-quantity
A can be measured in the state f with some probability Pw ( A = l ) . This is



nothing but the application of the statistical interpretation of quantum me-
chanics (see, for example, [16]) to information theory. By this interpretation
any measurement process has two steps: (1) a preparation procedure e; (2) a
measurement of a quantity B in the states f which were prepared by e. 

Let us consider these steps in the information framework. By e we have to
select a statistical ensemble f of I-transformators on the basis of some I-char-
acteristics. Typically in quantum physics a preparation procedure e is realized
as a filter based on some physical quantity A, i.e., we select elements which
satisfy the condition A = m where m is one of the values of A. We can do the
same in quantum I-theory. An I-quantity A is chosen as a filter, i.e., I-transfor-
mators for the statistical ensemble f are selected by the condition A = m where
m Î Zp is some information. For example, we can choose A = p, the motiva-
tion, and select a statistical ensemble f = f  (p = m ) of I-transformators which
have the same motivation m Î Zp . Then we realize the second step of a mea-
surement process and measure some I-quantity B in the state w( p= m ) . For exam-
ple, we can measure an I-state q of I-transformators belonging to the statistical
ensemble described by w( p= m ) . We shall obtain a probability distribution
P(q = l | p = m ) , l , m Î Zp (a probability that the I-transformator is in I-state
q = l under the condition that it has the motivation p = m ). Considering the I-
energy E of I-transformators, we obtain a probability distribution
P(E = l | p = m ) , l , m Î Zp .3

On the other hand, we can prepare a statistical ensemble w(q= m ) by fixing
some information m Î Zp and selecting all I-transformators which are in I-
state q = m .  Then we can measure motivations of these I-transformators and
obtain a probability distribution P( p = l |q = m ) . In fact, a mathematical
model for a quantum I-formalism has been constructed earlier: a quantum me-
chanics with p-adic valued functions, see [2, 3, 5, 14, 15]. We now propose a
new interpretation (the information interpretation) for this model.

Roughly speaking (for details, see [2, 3, 5, 14, 15]), the space of quantum
states is realized as a p-adic Hilbert space K (see [2] for the theory of such
spaces). This is a Qp-linear space which is a Banach space (with the norm k · k )
and on which a symmetric bilinear form (·, ·) : K ´ K ® Qp is defined. This
form is called an inner product on K. It is assumed that the norm and the inner
product are connected by the Cauchy-Bunaykovski-Schwarz inequality:

|(x , y)| p £ k x k k y k , x , y Î K.

It is possible to use more general spaces over different extensions of Qp

(analogs of complex Hilbert spaces). 
By definition, a quantum I-state f is an element of K such that ( f , f ) = 1; a
quantum I-quantity A is a symmetric bounded operator A : K ® K, i.e.,
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( Ax , y) = (x , Ay) , x , y Î K.4 We discuss a statistical interpretation of quan-
tum states in the case of a discrete spectrum of A.

Let {l 1, . . . , l n, . . .}, l j Î Zp be eigenvalues of A, Awn = l nwn, wn Î K,
(wn , wn) = 1. The eigenstates wn of A are considered as pure quantum I-states
for A, i.e., if the system of I-transformators is described by the state wn then the
I-quantity A has the value l n Î Zp with probability 1. Let us consider a mixed
state

w =
¥

S
n= 1

qnwn , qn Î Qp, (8)

where (w , w ) = S ¥
n= 1 q2

n = 1 .5 If we realize a measurement of the I-quantity A
for I-transformators belonging to the statistical ensemble described by f , then
we obtain the value l n with probability P( A = l n |w ) = q2

n .
The main problem (or advantage?) of this quantum model is that these prob-

abilities belong to the field of p-adic numbers Qp . The simplest way to elimi-
nate  this problem is to consider only finite mixtures (8) for which qn Î Q (the
field of rational numbers Q is a subfield of Qp ). In this case the quantities
P( A = l n |w ) = q2

n can be interpreted as usual probabilities (for example, in
the framework of Kolmogorov’s theory [17]). Therefore we may assume that
quantum I-states f can be prepared which have the standard statistical interpre-
tation: when the number N of experiments tends to infinity, the frequency
vN ( A = l n |w ) of an observation of the information l n Î Zp tends to the prob-
ability q2

n .
However, we can approach this problem from a more general viewpoint.  By

the frequency model for p-adic probabilities, non-Kolmogorov  probabilities
are defined as limits of relative frequencies vN but with respect to a p-adic
topology [2]. The relative frequencies vN belong to Q and they can be consid-
ered not only as elements of R, R É Q , but also as elements of Qp , Qp É Q.
This probability model is a natural generalization of the frequency probability
model by von Mises [18].

Using the p-adic frequency probability model for the statistical interpreta-
tion of quantum I-states we may assume that there exist I-states f (ensembles
of I-transformators) such that the relative frequencies vN ( A = l n |w ) have no
limit in R, i.e., we cannot apply the standard law of the large numbers in this
situation (compare [19]). Hence if we realize measurements of I-quantity A for
such a quantum I-state and try to study the observed data by using standard sta-
tistical methods based on real analysis, then we will not obtain any definite re-
sult. There will be random fluctuations of relative frequencies, see [2].

Such behavior might be related to psychological experiments and anom-

4In p-adic models we do not need to consider unbounded operators, because all quantum quantities
can be realized by bounded operators, see [3, 14, 15]

5As in the usual theory of Hilbert spaces, eigenvectors corresponding to different eigenvalues of a
symmetric operator are orthogonal.



alous phenomena. Unfortunately, this case cannot be easily studied though by
using p-adic analysis. In principle, we do not know what prime number p gives
the basis of the concrete I-model (p = 2? or p = 1997? …). Moreover, the I-
model can be described by some other number system (for example, m-adic
numbers where m is not a prime).6 The direct (but not simple) way to deter-
mine a suitable p is to study fluctuating statistical data for different values of 
p = 2, 3,… and try to find the statistical stabilization with respect to one of the
metrics ½p . Anyway, our theory has an important consequence for scientists
doing experiments with statistical I-data: the absence of the statistical stabi-
lization (random fluctuation) does not imply the absence of an I-phenomenon.
Lacking statistical stabilization may have the meaning that an I-phenomenon
cannot be described by the standard Kolmogorov probability model.

Another interesting application of p-adic probability theory concerns  statis-
tical samples [2] in which the frequencies vN ® 0 in the standard real topolo-
gy, but vN ® a /= 0 in Qp .  In this case the usual (Mises) probability
PMis( A = l |w ) = 0 . This implies that we have to consider the event {A = l |w}
(an observation of the information l ) as a non-physical event. However, from
the point of view of p-adic probability theory, it is a physical event in the sense
of I-physics. In the next sections we discuss the problem of infinitely small
probabilities more carefully on the basis of the proportional definition of prob-
ability.

7. p-adic Proportional Probabilities

Our interpretation of p-adic numbers

N = l0 + l1 p + · · · + ls ps + · · · , (9)

where ls = 0, 1, . . . , p - 1, with an infinite number of non-zero digits ls as in-
finitely large numbers gives the possibility of considering numerous actual in-
finities.  Therefore we can study proportional probabilities  on populations of
an infinite volume. We shall study a population W = W N which has volume N,
where N is the p-adic integer (9). If N is finite then W is the ordinary finite pop-
ulation. If N is  infinite then W essentially has a p-adic structure. Consider a se-
quence of populations Ms with volumes ls ps , s = 0, 1, . . . . For W = È ¥

s= 0 Ms ,
we have | W | = N . 

We may imagine a population W as the population of a tower T = TW which
has an infinite number of floors where the population of the sth  floor is Ms.
Then, Tk = È k

s= 0 Ms is the population of the first k + 1 floors.  For A Ì W and
the limit

n( A) = lim
k ® ¥

nk( A), where nk( A) = | A Ç Tk | , (10)
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we define the probability of A by the standard proportional relation:

P( A) º P W ( A) =
n( A)

N
. (11)

We denote the family of all A Ì W , for which (11) exists, by F = FW . The sets
A Î F are said to be events. Later we shall study some properties of the family
of events. First we consider  the set algebra F which consists of all  finite sub-
sets and their complements, F Ì F . We have the following general results for
p-adic proportional probabilities:

Proposition 1. Let A1, A2 Î F and A1 Ç A2 = Ø. Then A1 È A2 Î F and
P( A1 È A2) = P( A1) + P( A2) .

Proposition 2. Let A1, A2 Î F.  The following conditions are equivalent:

1) A1 È A2 Î F; 2) A1 Ç A2 Î F;

3) A1 \ A2 Î F; 4) A2 \ A1 Î F.

There are standard formulas:

P( A1 È A2) = P( A1) + P( A2) - P( A1 Ç A2);

P( A1 \ A2) = P( A1) - P( A1 Ç A2).

Definition. The system P = ( W , F, P) is called a p-adic proportional prob-
ability space for the population of the volume | W | = N .

In fact, any proportional probability space P can be approximated by pro-
portional probability spaces Pk with populations of finite volumes. Set

Nk = l0 + l1 p + · · · + lk pk

for N which has the expansion (9). Let ls be the first non-zero digit in (9). Con-
sider populations W Nk , k = s, s + 1, . . . , and proportional probability spaces
PNk = ( W Nk , FNk , PNk ) . Then FNk coincides with the algebra FNk of all subsets
of W Nk and

PNk ( A) =
| A|

| W Nk |
, A Î FNk . (14)

If we identify W Nk with the population of the first k + 1 floors of the tower TW ,
we have

Proposition 3. Let A Î FW . Then

P( A) = lim
k ® ¥

PNk ( A Ç W Nk ). (15)

(12)

(13)



8. Rules for Working with p-adic Probabilities

One of the main tools of the ordinary theory of probability is based on the
order structure on the field of real numbers R. It provides the possibility of
comparing probabilities of different events. Events E with probabilities
P(E) ¿ 1 are considered as negligible and events E with probabilities
P(E) » 1 are considered as practically certain. However, the use of these rela-
tions in concrete applications is essentially based on our (real) probability in-
tuition. 

What is a large probability? What is a small probability? Ordinary probabil-
ity intuition is based on centuries of human experience rather than on exact
mathematical theory. If we want to work with p-adic probabilities we have to
develop some kind of a p-adic probability intuition. Trying to achieve such an
intuition, we meet a mathematical problem which prevents us from generaliz-
ing the real scheme directly. This is the absence of an order structure on Qp .

However, there is a partial order structure  on the ring of p-adic integers. Let
x = x0x1 . . . xn . . . and y = y0 y1 . . . yn . . . be the canonical expansions of two
p-adic integers x , y Î Zp . We set x < y if there exists n such that xn < yn and
xk £ yk for all k > n . This  partial order structure on Zp is the natural extension
of the standard order structure on the set of natural numbers N. It is easy to see
that x < y for any x Î N and y Î Zp \ N , i.e., any finite natural number is less
than any infinite number.  But we cannot compare any two infinite numbers.

It is important to notice that there exists a maximal number Nmax Î Zp . This
is easy to see: Nmax = - 1 = ( p - 1) + ( p - 1) p + · · · + ( p - 1) pn + · · · .
Therefore the population W - 1 is the largest population which can be considered
in the p-adic framework. We can, in fact, restrict our considerations to the case
of the maximal population W - 1.  Let us study this case, W º W - 1.

Let A, B Î F .  By definition P( A) < P( B) if n( A) < n( B) . Further we
study the properties of probabilities: (1) as we have only a partial order struc-
ture we cannot compare probabilities of two arbitrary events A and B; (2) as
x £ - 1 for any x Î Zp , we have P( A) £ 1 = P( W ) for any A Î F ; (3) as 0 £ x
for any x Î Zp , we have 0 £ P( A) for any A Î F. To illustrate further proper-
ties of p-adics we shall refer to the usual real order structure and denote in-
creases or decreases of P as based on the real numbers by “r-increase” or “r-
decrease.” We shall use the symbols [a, b], . . . , (a, b) for corresponding
intervals of the real line.

Set F f = {A 2 F : n(A) 2 N} (in particular, F f contains all finite subsets
of W ).  Because the partial order structure on N coincides with the standard
order structure, we have the standard order relation for n( A), n( B) , where
A,B 2 F f .  But P : F f ® (- ¥ ,0)\ Z and P( A) is increasing if P( A) is r-de-
creasing to - ¥ . Therefore, for example, probabilities P( A) = - 1 or - 3 are
rather small with respect to probabilities P( B) = - 100 or - 300.

Set F̄ f = {B = Ā : A 2 F f } (in particular, F̄ f contains complements of all
finite subsets of W ). Then P : F̄ f ® N and P( B) is decreasing if P( B) is r-in-
creasing to ¥ . Therefore, for example,  probabilities P(E) = 100 or 200 are
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rather small with respect to probabilities P(C) = 1 or 2. An event C with prob-
ability 2 (or 3) is practically certain. 

Furthermore, a probability x Î ( - ¥ , 0) Ç Z is practically negligible with
respect to any probability y Î (0, 1] Ç Q .  The intuitive argument is the follow-
ing. A probability P(A) 2 (- ¥ ,0)\ Z is the probability of an event A with a
finite number of elements in the infinitely large population W . A probability
P( A) Î (0, 1] Ç Q is the probability of an event A with an infinite number of
elements in the infinitely large  population W .

Therefore, p-adics provide the possibility to split zero probability to a set of
probabilities (which can be compared), 0 ® [0, 0+ ) ; in particular, (- ¥ ,0)
\ Z ½ [0,0+ ) .  In a similar way, p-adics provide the possibility to split unit
probability to a set of probabilities (which can be compared), 1 ® (1- , 1]; in
particular, N Ì (1 - , 1] . The only event  which is certain is the whole popula-
tion W .  Of course, events with probabilities P( A) = 2 or 3 are practically
certain. However, probabilities of realizations of such events are smaller than
P( W ) = 1.

The author of this paper has no experience in psychological or mind-matter
investigations. The idea to apply p-adic models to these areas of research ap-
peared during the workshop “Data Analysis in Mind-Matter Research” on the
basis of discussions with H. Atmanspacher, D. Bierman, J. Houtkooper, E.
May, R. Morris, R. Nelson, and H. Primas. I would like to thank all of them for
these discussions.

References

[1] Schikhov, W. (1984). Ultrametric Calculus. Cambridge: Cambridge University Press.
[2] Khrennikov, A. Yu. (1994). p-adic Valued Distributions in Mathematical Physics. Dor-

drecht: Kluwer Academic Publishers.
[3] Khrennikov, A. Yu. (1997). Non-Archimedean Analysis: Quantum Paradoxes, Dynamical

Systems and Biological Models. Dordrecht: Kluwer Academic Publishers.
[4] d’Espagnat, B. (1995). Veiled Reality. An analysis of Present-Day Quantum Mechanical

Concepts. Reading: Addison-Wesley.
[5] Khrennikov, A. Yu. (1991). p-adic quantum mechanics with p-adic valued functions. Jour-

nal of Mathematical Physics, 32, 4, 932.
[6] Volovich, I. V. (1987). p-adic string. Classical and Quantum Gravity, 4, 83. 
[7] Vladimirov, V. S., Volovich, I. V., and Zelenov, E. I. (1994). p-adic Analysis and Mathe-

matical Physics. Singapore: World Scientific. 
[8] Frampton, P. H. and Okada, Y. (1988). p-adic string N-point function. Physical Review Let-

ters, 60, 484–486.
[9] Freund, P. G. O. and Olson, M. (1987). Non-Archimedean strings. Physics Letters B, 199,

186–190.
[10] Freund, P. G. O. and Witten, E. (1987). Adelic string amplitudes. Physics Letters B, 199,

191.
[11] Aref’eva, I. Ya., Dragovich, B., Frampton, P. H., and Volovich, I. V. (1991). The wave

function of the Universe and p-adic gravity. International Journal of Modern Physics A, 6,
24, 4341.

[12] Khrennikov, A. Yu. (1995). p-adic probability interpretation of Bell’s inequality paradox-
es. Physics Letters A, 200, 119–223.

[13] Khrennikov, A. Yu. (1995). p-adic probability distribution of hidden variables. Physica A,
215, 577–587.

http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0031-9007^28^2960L.484[aid=569559,nlm=10038562]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0370-2693^28^29199L.186[aid=569560]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0370-2693^28^29199L.191[aid=569561]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0375-9601^28^29200L.119[aid=569563]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0378-4371^28^29215L.577[aid=569564]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0031-9007^28^2960L.484[aid=569559,nlm=10038562]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0370-2693^28^29199L.186[aid=569560]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0370-2693^28^29199L.191[aid=569561]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0378-4371^28^29215L.577[aid=569564]


[14] Albeverio, S. and Khrennikov, A. Yu. (1996). Representation of the Weyl group in spaces
of square integrable functions with respect to p-adic valued Gaussian distributions. Journal
of Physics A, 29, 5515. 

[15] Albeverio, S. and Khrennikov, A. Yu. (1996). p-adic Hilbert space representation of quan-
tum systems with an infinite number of degrees of freedom. International Journal of Mod-
ern Physics, 10, 13/14, 1665–1673.

[16] Ballentine, L. E. (1989). Quantum Mechanics. Englewood Cliffs, New Jersey: Prentice
Hall. 

[17] Kolmogorov, A. N. (1950). Foundations of Probability. New York: Chelsea Publishing
Company. 

[18] Mises, R. von (1957). Probability, Statistics and Truth. London: Macmillan. 
[19] Atmanspacher, H., Räth, C., and Wiedenmann, G. (1997). Statistics and meta-statistics in

the concept of complexity. Physica A, 234, 819.

p-adic Information Spaces 679

http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0305-4470^28^2929L.5515[aid=569565]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0378-4371^28^29234L.819[aid=569190]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0305-4470^28^2929L.5515[aid=569565]

