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Abstract— Data from experiments that use random event generators are
usually analyzed by classicd (frequentist) statistical tests, which summarize
the statistical significanceof thetest statisticasap-value. However, classica
statistical testsare frequently inappropriate to thesedata, and the resulting
p-values can grossy overestimate the significance of the result. Bayesian
analysisshowsthat asmall p-value may not providecredible evidencethat
an anomal ous phenomenon exists. An easly applied alternative methodol -
ogy isdescribed and applied to an example from the literature.

Introduction

In recent yearsa new type of experiment using a random event generator
(REG) has become popular in parapsychological research (Schmidt, 1970;
Jahn, Dunne, & Nelson, 1987). Thismethodology isa modern refinement of
the VERITAC technology of Smith, Daglen, Hill, & Mott-Smith (1963),
which itself embodies features of Tyrrell's (1936) experiments. The tech-
nique is based on an electronic devicedriven by a source of random events
(usually a radioactive source or an electronic device that produces Johnson
noise), arranged so that onegetsarandom sequenceof 0s and 1swith theoret-
icaly equal probability for each outcome. The outcomes are counted and
recorded automatically so asto reduce the possibility of tampering and hu-
man error. Thestatistical properties of the REG areinvestigated and used to
establish a baseline. A subject then attempts to "'influence™ the REG and
obtain a sequence of pulses with a distribution that is different from the
baseline. Typically the experimental protocol has control sequences inter-
spersed among the experimental ones.

The results of such experiments appear at first glance to provide very
strong evidence against the null hypothesis, that the subject has no effect on
the REG. A number of published experiments display small, but highly
significant deviations between baselineand experimental runs, and the null
hypothesisisrejectedwith very small p-values. However, despite these appar-
ently strong results, such experiments have by and large not moved skeptics
to change their opinions. This is an apparently paradoxica situation that
callsfor an explanation.
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Some critics of the REG work have pointed out methodological errors
(e.g., Alcock, 1990; Hansel, 1989), whereas others have suggested that the
deviation from chance, while highly significantin astatistical sense, is never-
thelessfar too small to be of practical interest. AsCicchetti (1987) remarks,
"We have a highly significant statistical result, which is of utterly trivial
consequence from a clinical or substantive point of view." Yet others (e.g.,
Berger & Sellke, 1987; Navon, 1987; Utts, 1988) have pointed out that in red
life a point null hypothesiswill aways be rejected if enough data are taken,
because there will inevitably be uncontrolled sources of bias. On the other
hand, Palmer and Rao (1987) have countered that any such biaswould be
insignificant. Others have objected that a tendency not to publish inconclu-
sivestudies would lead to an excessof published studieswith small p-values.
Based on a meta-analysis of published studies, Radin, May, and Thomas
(1986), and Radin and Nelson (1989) have responded that the number of
unpublished experiments cannot be large enough to explain the published
results.

In this paper | will consider adifferentissue. Thereisyet another difficulty
with REG studies that can result in grossy overestimating their statistical
significance, even if wetake the data at face value. In many waysthe success
of the REG approach isits ability to provide a very large body of data based
on numeroustrialsin arelatively short time. Ironically, thisalsoturns out to
be a potential Achilless heel when viewed from a statistical point of view.

The Jeffreys-Lindley Paradox

A result that has been known to statisticians for a very long time bears
directly on this question. Known as Jeffreys's paradox (or Lindley's para
dox), it hasbeen succinctly describedin a beautiful paper by Lindley (1957).
(See aso Shafer, 1982; Berger & Sellke, 1987; and Berger & Delampady,
1987, and their respondents, for extended discussionsof the Jeffreys-Lind-
ley paradox.) In his paper, Lindley constructsan example that showsthat if
Hisasimple hypothesisand x the result of an experiment, the following two
phenomena can exist simultaneously:

1. asignificancetest for H reveasthat X is significant at the level p < a,
where a> 0 can be assmall as we wish, and

2. the posterior probability of H, given, is, for quite small prior probabili-
tiesof H, ashighas(l — «).

This means that the classical test can reject H with an arbitrarily small
p-value, whileat the same timethe evidence can convince usthat Hisalmost
certainly true.

At first sight it might appear that Lindley's exampleissimply a pathologi-
cal result of little practical interest, but the result isin fact quite general and
can apply to almost any reasonabl e classical significancetest. An important
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characteristic of thisresult isthat the greater the number of trials, the more
likely it is that the conditions of the "' paradox™ will be fulfilled. Thisisa
conseguence of thelaw of theiterated logarithm (Feller, 1957, pp. 191-197),
which implies that given any target value of the test statistic Z, no matter
how large, (or equivalently, any target p-value a, no matter how small) the
actual valueof Z will inevitably exceed thetarget for certainlarge numbersof
trials, evenif the null hypothesisistrue. Sincethe REG paradigm dependson
large numbers of trialsto attain the high levels of statistical significancethat
are reported, thisis obviously relevant.

Lindley explicitly noted the significance of this result for parapsychology,
as have others (e.g., Good, 1982; Berger & Delampady, 1987). However,
these warnings do not seem to have received much attention within the
parapsychological community. With the exception of Navon (1987) and
Utts(1988), | have not seen referencesto Bayesian hypothesistestingin the
parapsychologicalliterature, and havefound no referenceswhatsoevertothe
Jeffreys-Lindley paradox.

Bayesian HypothesisTesting

Thefidd of Bayesian hypothesistesting has received agood deal of atten-
tion in recent years as statisticians have come to recognize difficultieswith
classical (frequentist) hypothesistesting (Berger & Berry, 1988; Howson &
Urbach, 1989). In this paper | will giveonly a brief introduction to Bayesian
analysis, and will quote the necessary results where appropriate. The inter-
ested reader is directed to an important paper by Edwards, Lindman, &
Savage (1963) for alucid introduction to the topic from the point of view of
usingit in practical problems. Intermediate-level introductionscan befound
in Lee(1989), and Press(1989). More advanced treatments can befound in
Zellner (1971), Savage (1972), and Berger (1985).

An important feature of Bayesian hypothesistestingisthat the analysisis
not affected by considerations such as stopping rules. The intentions of the
investigator are simply irrelevant to a Bayesian. A properly formulated
Bayesian hypothesis test will be relatively immune even to an obviously
illegitimatestopping ruledesignedto "*fool** theanalysis, such asthestrategy
of sampling to a foregoneconclusion: ' Stop when the value of the test statis-
tic exceedsa preassigned number k™ (Berger, 1985, §7.7). Thisisan impor-
tant consideration, because many criticisms of statistics as they have been
used in parapsychology have objected to optional stopping, which hassome-
times been employed, particularly in older studies. It isafact that whenever
the testing protocol is ' open-ended," such that more data can be added to
the database at will either by adding subjects or by conducting additional
trialson agiven subject, then classical hypothesi stestingis made enormously
more complicated (Berger & Berry, 1988). Under these conditions it is
plainly wrongto use Z-values to inferp-valuesin the usua way. Thefact that
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Bayesian analysisis not affected by such considerations is a powerful argu-
ment in its favor, sinceit makes questions about optional stopping moot.

AsGood (1982) emphasi zes, the physical evidenceisthesamewhether the
experimenter was forced to stop an experiment or choseto stop, and so the
stopping rule, whatever it is, ought not to have any effect on the correct
logical evaluation of evidence. The fact that classical testscan givedifferent
resultson the same physical evidence, depending upon the intentions of the
experimenter, isvery troublesome. Since Bayesian analysisis not affected by
the stopping rule, or even by changesin the stopping rule based on datathat
may become available partway through the study, the experimenter who
adopts Bayesian methods can with a clear conscience decide to ater the
protocol, for example, to take additional data on a promising subject and
add them to the corpus of data, without compromising the statistical integ-
rity of the experiment. This positive feature of Bayesian analysis has both
practical and ethical implications in other fields(Berger & Berry, 1988). For
example, when testing a new drug, it isethical to withhold the experimental
treatment from patients in the control group if, partway through the test,
clear evidence of its superiority over the alternative treatment were found?
To break the protocol might invalidate the wholestudy, if the dataareto be
anayzed classicaly; but to withhold the better treatment from serioudly ill
patients who might otherwisebenefit from it might be equally unacceptable.
A similar (though not life-threatening) ethical dilemmacould facea parapsy-
chologist who discovered a very promising subject partway through a study.

We are interested in testing a null hypothesis / against an alternative
hypothesis ' = H. In our case the null hypothesisis the obvious one, that
the resultsof our experiment are due entirely to chance under some assumed
probability law. For an ideal REG, 'chance’ meansthat the probability isp,
= 0.5 that a particular trial resultsina 1, and g, = 1 — p, = 0.5 that the result
is0. The alternative hypothesisissomewhat more nebulous. If thesubject is
actually able to influence the REG, then he has presumably accomplished
thisby altering the true probahility of successfor asingletrial from p, = 0.5
to some other value p # p,. However, we do not know precisely what this
other valueis; it isin any case known only vaguely, and (if the subject were
extremely effective) it might conceivably lie anywhere in the interval {0,1].
Vaueslessthan 0.5 correspond, of course, to 'ps missing,” and are often
considered significant by parapsychologists.

The Bayesian solution to the problem of testing a null hypothesis H
against an alternative hypothesisH' isgiven by Edwardset al. (1963, p. 220).
(Here it isassumed that / and H' constitute a mutually exclusiveand ex-
haustiveset of outcomesfor theexperiment.) Accordingto Bayess theorem,

‘ the posterior oddsin favor of the null hypothesis, given the observed data x,
i are

p(x|H)
p(x|H")

(M UH|x) = UH),
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wherep(x|H)isthe probability of obtaining x, given that the null hypothesis
istrue, and p(x| H') isthe probability of obtaining X, given that the alterna-
tive hypothesisis true. @(H) isthe prior oddsin favor of H, and must be
assigned by the user. Equat#n (1) can be rewritten as:

Q(H|x) = BUH),

where B iscalled thelikelihood ratioor Bayes factor for the problem. Explic-
itly, we have

_ P H)
P HY

TouseEq. (1), theuser must assign avaluefor the prior odds Q(H). Thisis
a number that represents hisconfidence, prior to knowingx, in the proposi-
tion that the null hypothesisistrue, asagainst the proposition that the alter-
native hypothesisistrue. It iseasiest to think of thisasthe oddsthat a bettor
would be willing to give (or take) when betting for (or against) the null
hypothesis, against an opponent who takes the other side of the bet (but see
Howson & Urbach, 1989, for a detailed discussion). If the user's prior opin-
ion about the two hypotheses were completely neutral, for example, he
would pick Q(H) = 1. On theother hand, if he had some prior confidencein
the null hypothesis, he would pick a number Q(H) > 1 equal the odds at
which heisjust willing to bet against the alternative hypothesis. It can be
shown (Savage, 1972) that this choice of Q is optimal, in the sense that at
those odds, the bettor would have no particul ar reason to prefer either side of
the bet, whereasat any other odds he would believe that he would have an
advantage by taking one or the other side.

Utts (1988) remarks that ""'most researchers have strong opinions about
the probability that ps isreal, and these opinions play acentral rolein how
ps researchersand critics evaluate the evidence." The Bayesian approach
dlows us to recognize these strongly held opinions explicitly and to take
them into account in the analysis. A skeptic who initialy believed quite
strongly in the null hypothesis would, and in fact should pick as her prior
odds Q(H) > |, whereassomeone who wasstrongly predisposedtowardsthe
alternative hypothesisought to pick Q(H) < 1. Some peoplewould probably
choose the former, following the maxim " extraordinary claims require ex-
traordinary evidence" (Abelson, 1978). Others would choose the latter, and
dtill others, being relatively neutral, would pick Q(H) =~ |. But never mind.
When applied to the problem discussed in this paper, the Bayesian approach
guarantees that the correct decision will ultimately prevail, regardless of
one's prior opinions. However, much more data may have to be taken to
convince some observersthan others. And thisis, of course, asit should be.

Sometimesit iseasier to think in termsof probabilities, rather than odds,
athough in this paper the odds are simpler to work with since they make it
easy for variousindividuals having very different prior oddsto computetheir
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posterior odds. The probability can easily be computed from the odds using
the formula.

_ Q
1+Q°

p

We wish to test a point null hypothesis, which isa classica problemin
statistics. However, we will now consider this problem from aBayesian point
of view. The factor in the numerator of the Bayes factor is given by the
binomial distribution. The denominator, however, is more problematical.
Asalfirgt approximation, considerthesituation of acompletely naiveindivid-
ua who has no prior opinion at al about how large an effect might be
reasonable, that is, one who believesthat alarge effect (in either direction)is
just aslikely as a small one. Thiswould be reflected by a prior probability
distribution that is uniform on [0,1]. Such a choiceis noncommittal in the
sensethat al valuesof p are considered equally likely if H' istrue. However,
most people will probably have a prior opinion that some values of p are
morelikely than others. For example, values of pthat arecloser to 0.5 would
probably be considered more probablethan valuesthat are far from it. No
matter, we can formulate the problem in such a way that the user of the
statistics(i.e., thereader) isin full control of these hypotheses. Theimportant
point isthat regardiess of the different choices of prior probability made by
different observers(provided certain very mild conditions are satisfied), the
consistency of Bayess rules guarantees that ultimately all observerswill
agreeon the result, in the sensethat in thelimit of arbitrarily many observa-
tions the posterior probability will go to zero or to one for dl.

In the case of Bernoulli trids, such as are generated by a REG, we have
from Edwards, Lindman, and Savage's Eq. (10) the result

ol — po)™™”
1
f w(l — wy"o(u|H)du
0

2 B=

b

where p, isthe probability of successfor asingletrial under the null hypothe-
gS, nisthe total number of trids, and r is the number of successes. The
function ¢ isthe prior probability density of p under the alternativehypothe-
dsH', and must bechosen by the user. In our situation, if prior totakingdata
we thought that all valuesof p € [0,1] were equally likely under the alterna-
tive hypothesis, then ¢ would be identically 1. If, on the other hand, we
initially thought that valuesof p closeto p, weremorelikdy, then thedensity
¢ would be peaked at p, with awidth that representedthe rangeof vauesof p
that we thought probable. Again, for subjective reasons, different users will
pick different functions ¢. Thus, the assumptions remain under the full
control of the user.

The reader will have noticed that usersof the Bayesian approach have to
expresstheir subjectiveopinionsabout therel ative meritsof thetwo hypothe-
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ses prior to considering the data. They may also have to make their beliefs
about the alternative hypothesis more explicit than simply that it is" not the
null hypothesis,” which would suffice in the case of a classical test. In other
words, Bayesiananalysisforcesusto be much moreexplicitabout our preju-
dicesthan doesclassicd hypothesistesting. This may seem like a weaknessof
the Bayesian approach, becauseit involves usin subjective assumptions. In
fact, it is a strength, because the classical approach also has assumptions,
although they are not often stated. Since classical statistical analysisdoesn't
explicitly bring these assumptions out into the open, it iseasy to be misled
into thinking that it is completely objective. Such common usagesas''the
null hypothesisis regjected (p < 0.01),” clearly betray this prejudice. But as
Berger and Berry (1988) point out, the classical approach really provides
only an "illusion™ of objectivity, without its substance. | shall have more to
say about thislater. For the moment, however, | will simply notethat weare
particularly interested in the Bayesfactor. It tells us how strongly our opin-
ions ought to change after the data are in, as compared to before.

An Example
In this section | will apply a Bayesian analysisto the data of Jahn et al.

(1987), generally considered one of the better of the REG experiments (al-
though thiswork isnot abovecriticism: see Alcock, 1990 pp. 104-110). | will
not attempt to analyzeall of their results, but will instead deal only with the
combined figuregivenin their Table 1in therow labelled " dl.” The reasons
for thisaretwofold. First, it isthe combined result that has been quoted most
frequently. Second, a Bayesian anaysis is rather more involved than the
corresponding classical analysis, because more things have to be made ex-
plicit. In order to takeinto account the subjective needsof variousobservers,
wewill find that asingle number (like ap-value) isinsufficientto summarize
the statistical situation. Once we have seen how to analyze this particular
case, however, we can apply the same ideasto other data of interest.

Let ustherefore consider theresultsin the APK column. Thisresultsfrom
adding the successscore when the intention of the operator wasto score high
(PK+) to the successscorewhen the intention wasto scorelow (PK—). There
were 522,450 “runs” each consisting of 200 Bernoulli trials, giving atotal of
104,490,000 tridsin al. The Z-score was 3.614 standard deviations relative
to the null hypothesis p, = 0.5. This correspondsto an excess of 3.614
X (0.25 X 104,490,000)"> = 18471 successes over chance expectation, or
about 0.018%. Nevertheless, even though thisexcessis very small, the null
hypothesisis decisively rejected (p < 0.00015: one-tailed; p < 0.0003: two-
tailed) because nissolarge. The question is, what would a Bayesian analysis
of the same data tell us?

Asafirst approximation, let usconsider the case of a uniform prior under
the alternative hypothesis, ¢(1|H") = 1 (which corresponds to a two-sided
aternative). Then r = 52,263,471, and upon performing the calculation of
Eq. (2) wefind that the Bayesfactor isB = 12; that is, whatever the prior odds
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Q(H ), anyone who makesthese assumptions should, after considering these
data, give odds against the alternative hypothesisthat are 12 times greater
than before. Thus, thissimple Bayesian analysisactually leaves such an ob-
server more confident of the null hypothesisthan before, despite the strong
rgjection o the null hypothesis by the classical tes! This example demon-
strates how the Jeffreys-Lindley paradox may suddenly become very rele-
vant indeed.

We will probably want to choose a nonuniform prior in preferenceto the
uniform prior of this simple example. For example, if we believe that the
subject's influence would be likely to be relatively modest, we would pick a
prior ¢ that concentrates its mass near 0.5, and which tails off as we move
away from that value. A convenient family of priorsthat reflectstheseconsid-
erationsconsistsof functions of theform ¢(u| H') = C,Ju(1 — w)l¥, whereC,
isanormalizing constant and 0 < k < oo. For k = 0, ¢ isthe uniform prior.
Ask gets larger and larger, these functions become more and more peaked
and approach normal distributions with mean 0.5 and variance | /4(2k + 3)).
Even for small k the normal approximation isa pretty good one, concentrat-
ing approximately 2 of the masswithin one standard deviation and most of
the remaining masswithin 2 standard deviations. For example, withk = 4 (a
=0.15), 65.9% of the mass is contained within 1 standard deviation and
96.2% within 2 standard deviations, as compared with 68.3% and 95.5%,
respectively, for the normal distribution. Theinterpretation of the resultsis,
therefore, relatively straightforward. Finaly, this family of priorsiseasy to
evaluate and integrate (theintegral isa beta function). Note that this family
of priors corresponds to a two-sided aternative, and should be compared
with the results of a two-sided classical test.

Letting ¢ be the standard deviation of ¢, we can evaluate the Bayesfactor
asafunction of a = 0.5 % a, where0.5 < a < | can be picked at will by the
user. When the normal approximation is satisfactory (say, a < 0.65), this
prior concentrates about two-thirds of its mass within the range[1-ag,a]. In
general it isconservativeto choosea larger, rather than asmaller valueof a,
S0 as not to make the prior distribution so narrow that it would virtually
exclude effectsthat are considered likely. Note aso that a should be chosen
prior to considering the data.

Theresultsof thisanalysisfor the data of Jahn et al. are shown in the upper
curveof Figure 1. In readingthegraph, oneshould think in termsof standard
deviations. Thus, if one wantsto choose a value of a that concentratesabout
95% of the prior probahility (i.e., approximately two standard deviations)
within the interval [0.4,0.6], one would choose a ~ 0.55. Also, one who
prefersto think in terms of probabilities instead of the Bayes factor can
calculate the posterior probability by reading the Bayesfactor off the graph
and using

1
p(H|x) =

1+ (1 — m)/meB”’
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Fig. 1. The Bayesfactor as a function of a. Top curve: Two-sided alternative. Bottom curve:
One-sided alternative.

wherer, istheprior probability of /. Asapractical rule, when Bissmall, less
than 0.05 or so, the posterior probability isapproximately equal to B in the
neutral casethat =, = 0.5.

Noticethat for dl but asmall rangeof anear 0.5, the Bayesfactor isgreater
than [, which meansthat an observer who picksa > 0.55 would believe that
thedata provideevidencefor, not against, the null hypothesis. Only for aless
than 0.55 does the Bayes factor become lessthan unity, and only in a very
tiny interval near a = 0.5 isit significantly lessthan unity. A blowup of the
region near a= 0.5 isshown in Figure 2. Again consulting the upper curve,
we see that the region where the Bayes factor islessthan 0.05 (which begins
to provide moderate evidence against the null hypothesis) is very narrow
indeed, extending only out to about 0.5025 (corresponding to an effect
of 0.4%).

If we happened to choosein advance the particular value of athat mini-
mizesthe Bayesfactor, which ismost unlikely sincethisvalueis not fixed but
isafunction of nand Z, we would find that B, and the corresponding poste-
rior probability (on =, = 0.5) are at least 0.0088, which is some 30 times
larger than the p-value at which the two-sided classical test rejectsthe null
hypothesis. If wefollow Berger and Sellke (1987) and choose, from amongst
the natural class of priors that are symmetrical about 0.5 and monotone
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Fig. 2. Blowup of the region of Figure 1 near a = 0.5.

nonincreasing as one goes away from 0.5, the one that is most favorableto
the alternative hypothesis, we would obtain a minimum of about 0.0064,
whichisstill some 20 timeslarger than the classical p-value. Thus, the classi-
cal test overestimatesthe significance of the result by at least a factor of 20,
and after considering these data, most Bayesian observerswould probably
concludethat the real factor isin the hundredsor even the thousands. So we
seethat even under quite favorable circumstances, the classical test greatly
exaggerates the strength of the result. Many would probably conclude that
these data provide at best mild evidence against the null hypothesis, and
some would fed that the data actually support it.

Jahn et al. actually report their resultsin terms of a one-tailed test. For
reasonsthat | will discussin the next section, | believethat aone-tailedtestis
not appropriate for thiskind of experiment. However,in Figures1and 2 the
lower curve shows the results of applying a one-sided analog of the above
test, using the family of prior distributions ¢’ = 2¢I1(2u — 1), whereII(x) is
the"'box"* function that is1 on [0,1] and 0 elsawhere, and ¢ = ¢(u|H')was
defined previoudly. Thissetsthe prior probability on the alternative hypoth-
esisequal to zero for p < 0.5, which means that we are disregarding “psi-
missing." For easy comparison with the two-sided case, the curve for the
one-sided case is plotted against the same value of a for the function ¢ that
correspondsto the two-sided case. The resultsare similar to the analysisfor
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the two-sided alternative, except that as we move away from a = 0.5, the
Bayesfactor takeson valuesthat are almost exactly hdf the previousvaues.
The pointswhere B just exceedsthe values 1 and 0.05 are moved to 0.59 and
0.505, respectively. Since the one-tailed p-value is likewise half of its two-
tailed value, weseethat the classical test still overestimatesthe strength of the
result by about the same factor as before.

In choosing the prior on the alternative hypothesis, one should be guided
by any prior knowledge one has. For example, | would personally want to
takeinto account thefact that effectsof 5%, 10%, 20%, and even larger have
been reported in the parapsychological literaturefor REG experiments(e.g.,
Schmidt, 1969; Schmidt & Pantas, 1972). Thus, | would tend to prefer a
prior that would alow for afairly substantial effect, perhaps 10%(a =~ 0.55)
or more. Others, with different experience and information, may come to
different conclusions.

Regardlessof thechoiceof a, weare now in aposition to seewhat theeffect
of these resultswould likely be on the attitudes of different individuals. The
skeptic, who has a prior odds ratio Q(H) > 1, is probably not going to be
convinced that an anomaly exists. Depending on the value of a that he
chooses, hisposterior oddsare unlikely to changeeven by asmuch asafactor
of 10, and he will remain favorable towards the null hypothesis. The same
remarks hold true mutatis mutandisfor the individual whose prior position
strongly favorsthe alternative hypothesis. Thus, if wearewillingto entertain
the notion that the various users of these data are (perhaps unconsciously)
applying some sort of Bayesian or quasi-Bayesian cal culation, we can now
understand why the strong rejection of the null hypothesisby classicd tests
has had littleeffect on peopl€'s opinions. Thesedata are not decisiveenough
to change the minds of most people who aready have even moderately
strong opinions on theissue, and in fact even many neutral observerswould
probably regard the data as inconclusive. The evidence indicatesthat even
people trained in statistics tend to change their personal odds much more
conservatively than a Bayesian anaysiswould indicate (Lindley, 1970; Ed-
wards, 1982). So it should come as no surprise that data of the kind we are
discussing have not changed many opinions on this subject.

Other Issues

Berger and Delampady (1987) point out that an exact point null hypothesis
is rarely encountered in practiceand is at best only an approximation to a
more complicated actual situation. They remark,

It is rare, and perhaps impossible, to have a null hypothesis that can be exactly
modelled as§ = 6,. One might fed that hypothesessuch as

Hy: A Subject has no ESP,
or
H,: Taking to plants has no effect on their growth,
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are representableasexact (and believable) point nulls, but, even here, minor biasesin
the experimentsdesigned totest hypotheseswill usually prevent exact representations
as points.

Berger and Delampady discuss conditions under whichit isappropriate to
use the approximation of an exact point null. It is adequate when the ex-
pected biasin an experiment is substantially smaller than the sample stan-
dard deviation, say by afactor of at least 2. However, one who believesthat
the experiment might havea significant bias ought to usea prior that explic-
itly takes this possibility into account. Just as an example, someone who
thinks it a redlistic possibility that the experiment of Jahn et a. was biased
even at the level of 0.01% certainly ought to construct a prior on the null
hypothesis that accounts for this expectation. This would convert the "' no
ps" hypothesis from a sharp point null hypothesis(i.e., a 6-function) into
one that spreads the prior probability on the null hypothesis over a small
interval of width e centered on 0.5. Thiswould be equivalentto regardingan
effect of lessthan ¢ to be uninterestingasevidencefor ps. In practice, suchan
assumption would eat into the prior probability that formerly was assigned
to the aternative hypothesis, and the Bayes factor in favor of H would in-
crease significantly. The calculations would aso be more involved (see
Berger and Delampady for details).

Shafer (1982) raises a different issue. He is bothered by the fact that the
Bayesan analysis can strongly confirm the null hypothesis, whereasat the
same time the sample mean would be very precisaly determined at a value
that issignificantly far away from the value implied by the null hypothesis.
Shafer's example (a modified version of one presented by Lindley, 1977)
considersthe caseof aburglary, during the commission of whichawindowis
broken. A suspect is arrested, and a fragment of broken glass is retrieved
from hisclothes. Upon measurement, theindex of refraction of thefragment
isfound to be severd standard deviationsdifferent from the (very precisely
determined) index of refraction of the window glass. The null hypothesisis
that the two indices of refraction are the same; the aternative hypothesis
(with a vague prior on the index of refraction of the sample) isthat they are
different. Despite the fact that the index of refraction of the fragment is
severd standard deviationsdifferent from that of the window, the null hy-
pothesisis accepted with high posterior probability, because the prior distri-
bution on the alternative hypothesisis broad, and so the integral over the
alternative hypothesisissmall compared to theintegral over the null hypoth-
esis. (Thisisthe essenceof the Jeffreys-Lindley paradox.) Shafer proposesan
aternative methodology based on histheory of belief functions to account
for what he views as shortcomingsin the standard Bayesian approach.

Whatever the meritsof Shafer's argument asapplied to thisexample, there
isan essentia difference between it and the present case. Thereasonisthat in
his example, the glassfragment has a presumably stableindex of refraction
that can be measured consistently. If we were to remeasure it, we would
expect to obtain a value that iswithin one or two standard deviationsof the
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first measurement, and certainly not many standard deviations away. In
parapsychology, on the other hand, the experience is quite different. We
cannot expect that an observed effect will be stable from experiment to
experiment, even if we repeat the same experiment, with the same subject,
under the same conditions. On the contrary, the parapsychological literature
isfull of exampleswhereasignificant effect is observed, and then disappears
(the' declineeffect') and of exampleswherethe size of the effect isotherwise
very variable (e.g., the " shyness effect," the "linger effect,”” the " experi-
menter effect,” etc.). Thus, | believe that a diffuse prior on the alternative
hypothesis is appropriate in parapsychology.

Thesituation would bedifferent if the ps hypothesis made precise predic-
tions. In genera, the bolder and more easily fasifiableare the predictions of
a hypothesis, the more credibility it has when the observed effectsare toler-
ably closeto the predicted effects. For example, pre-Newtonian physicsde-
clared that there should be no correlation between the motions of heavenly
and earthly bodies because physicswas supposed to be very different in the
two realms. |saac Newton recognized that his hypothesis of universal gravi-
tation required that thegravitational constant, ascalculated from the motion
of the Moon, must agreewith that calculated from the fall of an apple, and
indeed when he did the calculation he found that they agreed " pretty
nearly." Despite the deficienciesin the data available to him, the surprising
agreement between the two values surely must have encouraged Newton to
think that he was on the right track, although he did not publish his results
for many yearsand only after much prodding by hisfriend, Edmund Halley.

Lindley (1977) points out the importance of the "surprise value" of a
prediction on the credibility of a hypothesis. He writes, **In the case of win-
dow glassthere isconsiderable evidence about the distribution of refractive
indices, some vaues being common, some rare. That such information is
relevant is seen intuitively by considering the case where X and Y are close
together, being unusual indices. Thisgivesgreater evidence of identity than
does the case where X and Y are equally close but are frequently occurring
indices."

A priori, our "'surprise’ when we observe a value close to a sharp predic-
tion is much greater than it would beif the theory made only a vague predic-
tion. For example, consider a wholly imaginary world where stock market
pundits provide standard deviations along with their predictions of market
indexes. Suppose a pundit makesa prediction of the valueof an index a year
hence, and quotes a standard deviation of 1%for his prediction. We would
probably bequite surprised if theactual valueturned out to bewithin several
percent of the prediction, and if this happened we might want to investigate
the pundit more closely. By making a precise prediction, this pundit takesa
great risk of being proven wrong (and losing our business). By the same
token, when his prediction turns out even approximately correct, we are
surprised, and the likelihood that we will follow hisadvicein the future may
beincreased. We would probably be lessinterested in a second pundit, who
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predicted the same value for the index as did the first, but who quoted a
standard deviation of 20%.We would doubtlesshavelittleinterest at al ina
third pundit who informed us only that *"the market will fluctuate,”™ even
though that predictionisvirtualy certain to be fulfilled!

Thisexampleillustratesthe fact that scientific theoriesderive their power
from the specificity of the predictionsthey make. The more difficult it isto
adjust atheory tofit arbitrary data, and the more specificits predictionsare,
the more credible the theory becomes when the data do agree tolerably wel
with it. In a sense, an inflexibletheory is" smpler'* than one that is more
accommodating, and by Occam's razor, more believablewhen both theories
accommodate the data reasonably well. There is an intimate relationship
between Occam's razor and Bayesian ideas, as Loredo (1990) has recently
reaffirmed.

Finally, Casdlla and Berger (1987) describe a different kind of one-sided
Bayesian test from the one | have used, and discuss its implications for
Bayesian hypothesistesting. Their test givesresultsthat are rather similar to
theclassical tests. Casellaand Berger proposetotest H: z < aversusH': z > a.
Thisapproach would be very appropriate in certain drug testing situations,
for example, where one isinterested in whether a new drug is more effective
(H" or lesseffective(H) than the standard treatment. If more effective, one
would recommend that the new drug be adopted.

However, | bdieve that the test proposed by Casdla and Berger is not
appropriate to the present situation. One reason isthat in parapsychology,
large statistically significant negative results are generally considered to be
positive evidenceof paranormal effects. This phenomenon even hasa name,
"psi-missing.” A test like Casellaand Berger's would suggest considering a
large, statistically significant negative result asevidence against paranormal
effects, which seemsodd. It isfor thisreason that | believe, as| stated above,
that Jahn et d. err in evaluatingtheir dataonly with aone-tailedtest. In their
discussion they point out certain subjectswho have' signatures' that tend to
resultin an excessof missesover hits, that is, psi-missing. Indeed, amost half
(9/22) of their subjects had negative scores. Therefore, | believe that the
two-tailed test is generally more appropriate to thiskind of experiment and
should usually be reported. Of course, the results of the one-tailed test can
certainly be reported as well.

In parapsychology, the null hypothesis of negligible effect isdistinguished
from other hypotheses, since thereisagenuineand nonnegligiblebelief that
it might betrue. As Berger and Sellke (1987) point out, under such circum-
stanceswe had better recognizethe distinguished nature of the hypothesisof
""no effect” by explicitly reserving a significantamount of prior probability
for it. Casellaand Berger's proposed test does not satisfy thiscriterion. If one
must use a one-sided test, then | think that the test that | proposed is more
appropriate to parapsychology than theirs. In fact, we can broaden it to
distinguish three mutually exclusivealternative hypotheses: H:z = 0.5, H':z
> 0.5, and H”:z < 0.5. We can then calculate posterior probabilitiesfor all
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three alternatives, that is, the null hypothesis, a significant result in the in-
tended direction, and asignificant result in the contrary direction (psi-miss-
ing). In the present example using the data of Jahn et al. (1987), the third
hypothesis (psi-missing) is rejected pretty conclusively for most reasonable
priors, a fact whose verification | leave asan exercise for the reader.

Conclusions

Bayesiananalysisisvery appropriatefor parapsychol ogical research. Parapsy-
chology ill remains™in limbo™ with regard to mainstream science, and
strong and even passionate opinions are evident on both sides of the issue.
Therefore, it isespecidly appropriate to adopt a statistical methodology that
both bringsout into the open the (usually hidden) assumptionsof the various
players, and which alsoalowsdifferent peopleto reach different conclusions
in an honest and aboveboard fashion that properly and publicly takesinto
account their personal attitudes and experiences. By making public the as-
sumptions of the different playersand therefore the way that they arrive at
their conclusions, Bayesian analysis hasthe potential to help''clear the air"
in thiscontroversy. Itsimmunity to " stopping rule'" problemscan eliminate
one objection that continues to be levelled by critics of parapsychology,
perhaps more effectively than better protocols could ever do. It can aso
provide experimentersgreater freedom to alter the protocol by taking addi-
tional data on promisingsubjectswithout compromisingthestatistical integ-
rity of the experiment.

Parapsychol ogists need to face Berger and Delampady's (1987) point
about bias squarely. It is simply wrong to think that one can obtain arbi-
trarily high accuracy by ssimply taking more and more data. No matter how
carefully an experiment isdesigned, and no matter how diligently the proto-
col isfollowed, biaseswill inevitably dominate at some point, and experience
in many fieldsshowsthat this point isgenerally reached sooner rather than
later (Shafer, 1982, p. 326). Utts(1988) pointsout the significanceof thisfact
for parapsychology.

Unlike mainstream sciences, parapsychology suffersfrom alack of critica
experimentsthat produce large and unmistakableeffectsthat can be dupli-
cated frequently, if not consistently, under properly controlled conditions.
Instead, parapsychology has cometo rely on experimentslike the one stud-
ied here, where the effectsare very small and are only validated statistically.
This research program has failed to convince skeptics, many of whom sus-
pect that the "sgnd" consists largely of unrecognized experimental bias,
even if they cannot explicitly identify its source. Glymore (1987) has urged
parapsychologiststo "'go for the Big Stuff," and in my opinion thisisgood
advice. As Edwards, Lindman, and Savage (1963) remark, " Rejection of a
null hypothesis is best when it is interocular [hits you between the eyes].”

L ——————
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Navon (1987) remarks:

Science would thus do wdl to consider the compatibility of a datum with prior
knowledge. This maxim underlies the Bayesian approach to inference. Although
Bayesanstatisticsin itsdf isfairly problematic, the main principle of Bayesian infer-
ence can hardly bedisputed. The reason isthat science should be (and, one hopes, is)
aflexible but viscoussystem, one that can move from alocal equilibrium state to a
globally better one yet remain stable onceit reachesan equilibrium. If it were not, we
would be continually waveringamong alternative hypotheses. Because vacillation is
undesirable, but so too is prepossession, the Bayesian approach seemsto represent a
golden mean. Now, becausethe prior probability of the ps hypothesis,even merely as
an empirical anomaly, is extremely low, applying the Bayesian rule to the data,
questionable and undiagnostic as they already are, must be a coup de grace to that
hypothesis.

Whether one agrees with Navon's final assessment or not, when viewed
from a Bayesian perspective his remarks go a long way towards explaining
why the evidence thusfar produced by parapsychologistshasfailed to move
critics very far towards a more favorable view of the ps hypothesis. Utts
(1988) pointsout that becauseof thestrong opinions held by variousindivid-
uals, the Bayesian approach ""makes particular sense for parapsychology,"
and goeson to remark that ** Posterior probabilitiesin Bayesiananalysisarea
function of both the prior probabilities and the strength of the evidence; it
may be informative to formalize these opinions and to see how much evi-
dence would be needed to increasethe posterior probability of aps hypothe-
sisto a nonnegligiblelevel when the prior probability wascloseto zero." In
this paper | have tried to show how this might be donein practice.
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